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Let V be a bounded domain in Rn with C 2-boundary and let D be a Lipschitz
 .domain with D ; V. We consider the inverse problem determining D to the
system of linear elasticity
D m d d q d d q l d d D us s 0 in V , . . .i D i j r s i r js D i r js j
Än nwhere m s m q m and l s l q l . Under the condition on theÄD x D x R _ D D x D x R _ D
Ä . .Lame constants l y l m y m G 0, we show that D is uniquely determinedÁ Ä
by the complete knowledge of the Dirichlet-to-Neumann map. We also obtain
an uniqueness result for the monotone case from one boundary measurement.
Q 1997 Academic Press
0. INTRODUCTION
Let V be a bounded domain in Rn, n G 3, with C 2-boundary and let D
be a Lipschitz domain with D ; V.
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We consider the Dirichlet problem of the system of linear elasticity,
n¡ r s r s s
nL u s D a x q b x D u s 0 in V .  . .D i i j R _ D i j D jr~ 0.1i , j , ss1  .¢ 1r2<for each r s 1, . . . , n and u s w g H ­ V , .­ V
where
ar s s m d d q d d q ld d and .i j i j r s i s jr i r js
r s Äb s m d d q d d q ld dÄ  .i j i j r s i s jr i r js
Äfor some constants m, l, m, and l. We assume that the above constantsÄ
satisfy the conditions
Äm ) 0, m ) 0, 2m q nl ) 0, 2m q nl ) 0 0.2 .Ä Ä
and
Ä< < < <m y m q l y l ) 0. 0.3 .Ä
We may consider V as an isotropic inhomogeneous linear elastic body
with Lame constants l and m , where m s mx q mx n and l sÂ ÄD D D D R _ D D
Ä nlx q lx .D R _ D
 .Note that due to the condition 0.2 , the Lame constants satisfyÂ
0 - d - m , 2m q nl - M in V 0.4 .D D D
for some constants d and M. Hence it follows from the standard theory of
1r2 .linear elasticity that for every w g H ­ V , there exists a unique solu-
 .  w x.tion to the problem 0.1 see 9 . The Dirichlet-to-Neumann map LD
corresponding to D is defined by
L w s m =u q =u t N q l div u N on ­ V , .  .D
 .where u is the solution to 0.1 and N is the unit outer normal to ­ V
 w x.see 9 .
In this paper we shall study the identification problem of D from the
knowledge of L : that is, the problem to be considered here is whether weD
can determine the unknown subdomain D of V from the knowledge of a
part of the Dirichlet-to-Neumann map L . This problem is an analogue ofD
the inverse conductivity problem studied by several authors for example,
w x. w xsee 1, 7, 8, 10 and especially by V. Isakov 6 . We shall show by extending
w xthe idea of V. Isakov in 6 that the whole knowledge of L determines DD
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 .uniquely under some condition on the Lame constants see Theorem 0.1 .Á
1r2 .Also we show that in the monotone case there exists w g H ­ V such
 .that L w suffices to determine D see Theorem 0.2 .D
THEOREM 0.1. Assume that the Lame constants satisfy the conditionÁ
Äl y l m y m G 0. 0.5 .  . . Ä
Let D and D be Lipschitz domains such that for each i, D ; V and1 2 i
V _ D is connected. Theni
L s L implies D s D .D D 1 21 2
Let C denote the space of all vector valued functions c on Rn
satisfying the system of linear equations D c q D c s 0 for 1 F i, j F n,i j j i
and we define
< 4C s c : c g C­ V0
and
< 1F s u : u g H V , Du s 0, div u s 0 in V . 4 .­ V
 .We remark that for n s 3, any c g C can be written as c X s a q b =
3  w x.X for some a, b g R see 11 .
Then for the one measurement problem we obtain the following unique-
ness result:
THEOREM 0.2. Assume that the Lame constants satisfy the conditionÂ
 .0.5 . Let D and D be Lipschitz domains such that for each i, D ; V and1 2 i
V _ D is connected. Assume further that D ; D or D ; D . Theni 1 2 2 1
L w s L w for some w g H 1r2 ­ V _ F implies D s D . .D D 1 21 2
1r2 .When m / m, the abo¨e statement holds for w g H ­ V _ C .Ä 0
 . <Note that if u s x , . . . , x , then clearly u f F. We shall prove­ V1 n
Theorem 0.1 in Section 3 and Theorem 0.2 is proved in Section 4.
1. NOTATIONS AND DEFINITIONS
Throughout this paper, we denote by D a subdomain of V with
i jr s r s r s  .nLipschitz boundary. If we set c s a x q b x , then by 0.4D i j R _ D i j D
y1 < < 2 < < 2 i jr s s r < < 2 < < 2C j h F c j j h h F C j h 1.1 .D i j
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and
< t < 2 i jr s s r=u q =u F C c D u D u , 1.2 . .D j i
 j.where =u denotes the Jacobian matrix D u of u and C is a positivei
constant depending only on d and M. Henceforth C will denote general
positive constants which may differ in each occurrence and we use the
< <summation convention on repeated indices. Also we denote by E the
n-dimensional Lebesgue measure of a subset E of Rn. The following
well-known Korn's inequality will be of use to us.
1 .LEMMA 1.1. If u g H V , then0
12 2t< < < <=u F =u q =u .H H2V V
In the course of our proof of Theorem 0.1 we need to construct a
singular solution to L u s 0 near D. We accomplish this task by using theD
single layer potentials on ­ D corresponding to the system of linear
Äelasticity with the Lame constants m, l and m, l, respectively. DefineÂ Ä
S f X s G X y Q f ds Q f g L2 ­ D .  .  .  . .HD
­ D
and
Ä Ä 2S g X s G X y Q g ds Q g g L ­ D , .  .  .  . .HD
­ D
i j Ä Ä i j .   ..  .   ..where G X s G X and G X s G X are the fundamental solu-
 .tion matrices corresponding to the operators mD q l q m = div and
Ä .mD q l q m = div, respectively.Ä Ä
For n G 3, the entries G i j are given by
A B2yn yni j < < < <G X s d X q X X X . i j i jn y 2 v v . n n
and
Ä ÄA B2yn yni jÄ < < < <G X s d X q X X X , . i j i jn y 2 v v . n n
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where
Ä3m q l m q l 3m q lÄÄA s , B s , A s ,Ä2m 2m q l 2m 2m q l .  . 2m 2m q lÄ Ä .
Äm q lÄÄand B s .Ä2m 2m q lÄ Ä .
Then the following properties for S are well known,D
mD S f q l q m = div S f s 0 in Rn _ ­ D , .  .D D
S f is continuous across ­ D ,D
and
5 5 2 5 5 2 5 5 2=S f q =S f F C f , 1.3 .L D . L V _ D . L ­ D .D D
where C depends only on the Lipschitz character of D, l, and m. The
conormal derivative ­r­n on ­ D associated to the system of elasticity with
the Lame constants m and l is given byÁ
­ u
ts m =u q =u n q l div u n on ­ D , .  .
­n
w xwhere n is the unit outer normal to ­ D. Then from the results in 2
­ 1
"S f P s " f P q K * f P a.e. P g ­ D , .  .  .D­n 2
2 .where K * is a bounded singular integral operator on L ­ D . Here the
subscripts q and y indicate the nontangential limits taken inside D and
 w x .outside D, respectively see 3, 2 , for details . The same argument holds
Äfor the conormal derivative corresponding to the Lame constants m, l.Â Ä
w xFinally we state the following theorem in 4 which is essential to prove
Theorem 0.1.




y qÄ Äf, g ¬ S f y S g, S f y S g . D D D D /­n ­nÄ
2 . 2 . 1 . 2 .is an in¨ertible operator of L ­ D = L ­ D onto H ­ D = L ­ D .
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2. PRELIMINARY LEMMAS
In this section we present some lemmas needed to prove Theorem 0.1.
The proof of the following lemma is standard but for the sake of complete-
ness we include its proof.
1 . 2 .LEMMA 2.1. Let u g H V be a solution to L u s f g L V in V.D
 4  4 ` .Suppose that m and l are sequences in L V such thatm m
 . <   .  . 4 <i X g V : m X / m or l X / l ª 0 as m ª q` andm D m D
 .ii 0 - d - m , 2m q nl - M - q` in V for all m.1 m m m 1
1 .Then if u g H V is the solution to the Dirichlet problemm
D ci jr sD us s f r in V for all r s 1, . . . , n .i m j m u s u on ­ V ,m
i jr s  .where c s m d d q d d q l d d , thenm m i j r s i s jr m i r js
u ª u in H 1 V . .m
1 .Proof. Taking v s u y u g H V as a test function, we obtainm m 0
m =u q =u t =v q l div u div v s f ? v .  .  .H HD m D m m
V V
and
m =u q =u t =v q l div u div v s f ? v , .  . .H Hm m m m m m m m
V V
so that
2tm =v q =v =v q l div v . .H m m m m m m
V
s m y m =u q =u t =v q l y l div u div v . .  .  .  .  .H D m m D m m
V
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 .  .By the estimate 1.2 together with hypothesis ii , we can choose e ) 0 so
that
< t < 2e =v q =vH m m
V
F m y m =u q =u t =v q l y l div u div v .  .  .  .  .H D m m D m m
V
2 e2 2 2t< < < <F m y m =u q =u q =v .H HD m me 2V V
2n e2 2 2q l y l div u q div v . .  .  .H HD m me 2nV V
 .2 < < 2Note that div v F n =v . Combining this estimate with Lemma 1.1,m m
we obtain
< < 2e =vH m
V
2 2n2 2 22t< <F m y m =u q =u q l y l div u , .  .  .H HD m D me eV V
which implies that =v ª 0. Now the conclusion follows immediately fromm
the Poincare inequality.Á
The next lemma says that solutions to L u s 0 in V have a RungeD
approximation property. To prove this lemma, we follow the idea of R.
w xKohn and M. Vogelius in 8 closely.
LEMMA 2.2. Let V9 be a smooth domain with D ; V9 and V9 ; V, and
1 .let u g H V9 be a solution to L u s 0 in V9. Then gi¨ en any compactD
 4 1 .subset K of V9 containing D, there exists a sequence u in H V such thatm
 .  . 1 .i L u s 0 and ii u ª u in H K .D m m
Proof. We first show that if V0 is a smooth domain with K ; V0 and
1 4  .  .V0; V9, there exists a sequence u in H V such that i L u s 0 inm D m
 . 2 .V and ii9 u ª u in L V0 . To show this, it suffices to prove that um
2 .belongs to the closure of the subspace K of L V0 , where K denotes the
2 .space of functions in L V0 which are restrictions to V0 of solutions
1 .u g H V to L u s 0 in V. Hence by the Hahn]Banach theorem, weD
2 .must show that if v g L V0 satisfies H v ? k dx s 0 for all k g K, thenV0
H v ? u dx s 0.V0
2 .Suppose that v g L V0 satisfies H v ? k dx s 0 for all k g K.V0
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2 .Define V g L V by
v in V0
V s  0 in V _ V0
1 .and let w g H V be the solution to the Dirichlet problem
L w s V in V and w s 0 on ­ V .w
1 .Then if k g H V is the solution to the Dirichlet problem
L k s 0 in V and k s m =w q =w t N q l div w N on ­ V , .  .D
then
2tm =w q =w N q l div w N ds .  .H
­ V
ts m =w q =w N q l div w N ? k ds .  .H D D
­ V
s m =w q =w t =k q l div w div k q V ? k .  .  .H HD D
V V
s v ? k s 0H
V0
and therefore
m =w q =w t N q l div w N s 0 on ­ V . .  .
Since
mDw q l q m = div w s 0 in V _ V0 , .
it follows from the unique continuation theorem that
w s 0 in V _ V0 ,
and so we get
v ? u s V ? uH H
V0 V9
ts m =w q =w N q l div w N ? u ds .  .H D D
­ V9
y m =w q =w t =u q l div w div u s 0. .  .  .H D D
V9
2 .This completes the proof that u g K, the closure of K in L V0 .
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 4 1 .  .  .Let u be a sequence in H V with the proper ties i9 and ii9 . Thenm
 .since L u y u s 0 in V9, it follows from the Caccioppoli inequalityD m
 w x.  .see 5, p. 76 and Korn's inequality Lemma 1.1 that
< < 2 < < 2=u y =u F C u y u .H Hm m
K V0
2 .Hence we have =u ª =u in L K and this completes the whole proof.m
Remark. The unique continuation theorem for the elastic case seems
to be not well known but its proof is identical to the Laplacian case and so
omitted.
3. PROOF OF THEOREM 0.1
For simplicity, we will assume that V _ D j D is connected, leaving1 2
the details when V _ D j D is not connected for the readers see1 2
.Remark at the end of this section .
Assume that D / D . Then we may assume that there exists an open1 2
 .ball B s B Q of radius R, centered at Q g ­ D such that B ; V _ D .R R 1 R 2
Set D s B j D .3 R 1
We first show the following claim:
Claim 1. If for each j s 2, 3, u is a solution to L u s 0 in a vicinityj D jj
of the set D j D , then1 2
t Äm y m =u q =u =u q l y l div u div u dx .  .  . .Ä  .H 3 3 2 3 2
D1
t Äs m y m =u q =u =u q l y l div u div u dx. .  .  . .Ä  .H 3 3 2 3 2
D2
3.1 .
To show this, let u be a fixed solution to L u s 0 in a vicinity of the2 D 22
set D j D and let us denote by H the class of all functions u which are1 2 3
 .defined on open sets containing D j D and satisfy the identity 3.1 .1 2
Then we have only to show that if u is a solution to L u s 0 near the3 D 33
set D j D , then u belongs to H.1 2 3
1 .Extend u to a function U in H V .2 2 0
1 .Suppose that u g H V is a solution to L u s 0 in V. We shall showD11 .that u g H. Let v g H V be the solution to the Dirichlet problem
L v s 0 in V and v s u on ­ V ,D 2
and set w s v y u.
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 .Then w s 0 on ­ V and mDw q l q m = div w s 0 in V _ D j D .1 2
Morover by the hypothesis of theorem,
m =w q =w t N q l div w N s 0 on ­ V . .  .
Hence it follows from the unique continuation theorem that
w s 0 on V _ D j D .1 2
1 .Note that since L u s 0 and L v s 0 in V, for all j g H VD D 01 2
m =w q =w t =j q l div w div j .  .  .H D D2 2
V
s m y m =u q =u t =j q l y l div u div j . .  .  .  . .H D D D D1 2 1 2
V
3.2 .
Then since L u s 0 near D j D and w s 0 outside D j D ,D 2 1 2 1 22
 .taking j s U in 3.2 , we have2
0 s m y m =u q =u t =U q l y l div u div U .  .  .  . .H D D 2 D D 21 2 1 2
V
or equivalently
t Äm y m =u q =u =u q l y l div u div u dx .  .  .  . .ÄH 2 2
D1
t Äs m y m =u q =u =u q l y l div u div u dx .  .  .  . .ÄH 2 2
D2
and thus u g H.
Suppose next that u is a solution to L u s 0 near D j D . Then byD 1 21
 4 1 .  .Lemma 2.3, we can choose a sequence u in H V such that im
 . 1 .L u s 0 in V and ii u ª u in H D j D . Since each u satisfiesD m m 1 2 m1
 .3.1 , so does u and u g H.
Now we prove our claim. Let u be a solution to L u s 0 in a smooth3 D 33
 4subdomain V9 of V containing D j D . Consider a sequence V of1 2 m




m in V _ D j D .m 1 2
m sm  m in V _ V _ D j D . .D m 1 23
and
l in V _ D j D .m 1 2
l sm  l in V _ V _ D j D . . .D m 1 23
Then it is easy to see that
m / m or l / l ª 0 as m ª q`. 4m D m D3 3
1 .Hence if u g H V is the solution to the Dirichlet problem3, m
L u s 0 in V9 and u s u on ­ V9.m 3, m 3, m 3
where L denotes the operator corresponding to the system of elasticitym
with Lame constants m and l , then by Lemma 2.2, u ª u inÂ m m 3, m 3
1 .H V9 .
Note that m s m and l s l near D . Thus each u belongs tom D m D 1 3, m1 1
H and consequently, u also belongs to H. This completes the proof of3
Claim 1. We now return to the proof of Theorem 0.1. We shall denote
Ä Ä  4S s S and S s S for j s 2, 3. Let X be a sequence in B _ Dj D j D m R r4 1j j
 4with X ª Q. Then by using Theorem 1.2 we can choose sequences fm j, m
 4 2 .and g in L ­ D for j s 2, 3 such thatj, m j
¡ ÄS f y S g s yG X y . .2 2, m 2 2, m 1 m~ on ­ D ,­ ­ ­ 2y qÄS f y S g s y G X y . .¢ 2 2, m 2 2, m 1 m­n ­n ­nÄ
and
¡ Ä ÄS f y S g s G X y . .3 3, m 3 3, m 1 m~ on ­ D ,­ ­ ­ 3y qÄ ÄS f y S g s G X y . .¢ 3 3, m 3 3, m 1 m­n ­n ­nÄ Ä
Ä .  .  .where G X and G X are the first columns of the matrices G X and1 1
Ä .G X , respectively. Then we define
G X y Y q S f Y , Y f D .  .1 m 2 2, m 2
K Y s .2, m  ÄS g Y , Y g D .2 2, m 2
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and
S f Y , Y f D .3 3, m 3
K Y s .3, m  Ä ÄG X y Y q S g Y , Y g D . .  .1 m 3 3, m 3
It is easy to check that each function K satisfies L K s 0 near thej, m D j, mj
 .set D j D . Hence it follows from 3.1 that1 2
m y m =K q =K t =K .Ä  .H 3, m 3, m 2, m
D1
Äq l y l div K div K dY .  . . 3, m 2, m
s m y m =K q =K t =K .Ä  .H 3, m 3, m 2, m
D2
Äq l y l div K div K dY .  . . 3, m 2, m
and therefore
tÄ Äm y m =G X y Y q =G X y Y =G X y Y .  .  .  .Ä  .H 1 m 1 m 1 m
B lDR 1
Ä Äq l y l div G X y Y div G X y Y dY .  . .  . .1 m 1 m
s I 1 y I 2 y I 3 y I 4 y I 5 , 3.3 .m m m m m
where
1 t ÄI s m y m =S f q =S f =S g .Ä  .Hm 3 3, m 3 3, m 2 2, m
D _D2 1
Ä Äq l y l div S f div S g , . .  .3 3, m 2 2, m
t2 Ä ÄI s m y m =G X y Y q =G X y Y =G X y Y .  .  .  .Ä  .Hm 1 m 1 m 1 m
 .D _D _B1 2 R
Ä Äq l y l div G X y Y div G X y Y dY , .  . .  . .1 m 1 m
t3 Ä ÄI s m y m =G X y Y q =G X y Y =S f Y .  .  .  .Ä  .Hm 1 m 1 m 2 2, m
D _D1 2
Ä Äq l y l div G X y Y div S f Y dY , .  . .  . .1 m 2 2, m
t4 Ä ÄI s m y m =S g Y q =S g Y =G X y Y .  .  .  .Ä  .Hm 3 3, m 3 3, m 1 m
D _D1 2
Ä Äq l y l div S g Y div G X y Y dY .  . .  . .3 3, m 1 m
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and
5 Ä Ä tI s m y m =S g q =S g =S f .ÄH  /m 3 3, m 3 3, m 2 2, m
D _D1 2
Ä Äq l y l div S g div S f . . .  .3 3, m 2 2, m
Note that
1 y2 yni j < < < <D G X s yAd X q B d X q d X y nX X X X X .  /k i j k ik j jk i i j kvn
and
1 y2 yni jÄ Ä Ä < < < <D G X s yAd X q B d X q d X y nX X X X X . .  /k i j k ik j jk i i j kvn
Then we see that if X g B and P g Rn _ B , thenR r4 R r2
C C
i j i jÄD G X y P F and D G X y P F . .  .k kny1 ny1R R
Combining these estimates with Theorem 1.2, we see that
5 5 5 5 2 5 5 2 5 5 22f q g q f q gL ­ D . L ­ D . L ­ D .2, m L ­ D . 2, m 3, m 3, m2 3 32
­
2F C G X y ? q G X y ? .  . .L ­ D1 m 1 m2 2  .­n L ­ D 2
­Ä Ä2q G X y ? q G X y ? F C , .  . .L ­ D1 m 1 m3 2  .­n L ­ DÄ 3
where the last constant C is independent of m. Hence by means of the
 . Xestimate 1.3 , it can be easily proved that I s are uniformly boundedm
on m.
Therefore to complete the proof of Theorem 0.1, it suffices to show that
 .the identity 3.3 is not possible by showing the following claim:
Claim 2. If we set
t ÄI s m y m =G X y Y q =G X y Y =G X y Y .  .  .  .Ä  .Hm 1 m 1 m 1 m
B lDR 1
Ä Äq l y l div G X y Y div G X y Y dY , .  . .  .  .1 m 1 m
then
< <I ª ` as m ª `.m
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We prove this claim by direct calculations. Remembering the formulas
Ä i j Ä i jfor D G and D G , we calculate to obtaink k
Ä 2 n< <=G X =G X X .  .1 1
Ä Ä 2 Ä Ä Ä 2< <s AAqBB X q ABqAB n y 2 qBB ny1 ny2 X , .  .  . .  . 5 1
t 2 nÄ < <=G X =G X X .  .1 1
22 2Ä Ä Ä Ä Ä Ä< <sy ABqAB X q AAq ABqAB ny1 qBB ny2 X , .  . .  . 5 1
< <yn < <ynyX X yX X1 1Ädiv G X s and div G X s .  .1 1 Äv 2m q l . v 2m q lÄ .n n
so that
t 2y2 nÄ Ä Ä Ä < <=G X q =G X =G X s A y B A y B X .  .  .  .  . .1 1 1
Ä Ä Ä Ä 2 y2 n< <q AAq ABqAB 2n y 3 qBB ny2 2ny3 X X .  .  . . 5 1
and
2 < <y2 nX X1Ädiv G X div G X s . .  . . .1 1 Äv 2m q l 2m q l . Ä .n
< <  . < < 2y2 nHence the integrand of I is of the form r X y Y X y Y wherem m m
 .  .r X is a function with r X G e ) 0 and thus
< < < < 2y2 nI s r X y Y X y Y dY ª ` as m ª `. .Hm m m
B lDR 1
This completes the proof of Claim 2 and so the proof of Theorem 0.1.
 .Remark. If V _ D j D is not connected, the identity 3.1 holds for1 2
 .solution u j s 2, 2 of L u s 0 in vicinities of V _ V where V is thej D j 1 1j
connected component of V _ D j D whose boundary contains ­ V.1 2
4. PROOF OF THEOREM 0.2
We prove the theorem by showing that if L w s L w for someD D1 21r2 .w g H ­ V but D / D then w g F, and furthermore if in addition1 2
m / m then w g C .Ä 0
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Suppose that L w s L w and D / D . Without loss of generality,D D 1 21 2
we may assume that D n D . For each j s 1 and 2, let u be the solution1 2 j
to the Dirichlet problem: L u s 0 in V and u s w on ­ V, and setD j jj 1 .u s u y u . Then since L w s L w, we have for all v g H V ,2 1 D D1 2
m =u q =u t =v q l div u div v .  . .H D 1 1 D 11 1
V
s m =u q =u t =v q l div u div v .  . .H D 2 2 D 22 2
V
and so
m =u q =u t =v q l div u div v .  .  .H D D2 2
V
s m y m =u q =u t =v q l y l div u div v . .  .  . . .H D D 1 1 D D 11 2 1 2
V
Taking v s u and v s u , respectively, we obtain2
2tm =u q =u =u q l div u .  .H D D2 2
V




m y m =u q =u t =u q l y l div u div u .  .  . . .H D D 1 1 2 D D 1 21 2 1 2
V
s m =u q =u t =u q l div u div u s 0. 4.2 .  .  .  .H D 2 D 22 2
V
1 .The last equality follows from the fact that L u s 0 in V and u g H V .D 2 02
 .  .From 4.1 and 4.2 ,
2tm =u q =u =u q l div u .  .H D D2 2
V




mD 222 t< <0 s =u q =u q l div u .H D 22V
1 22t< <q m y m =u q =u q l y l div u . 4.3 .  .  . .H D D 1 1 D D 11 2 1 22V
By a similar argument, we obtain
mD 221 t< <0 s =u q =u q l div u .H D12V
1 22t< <q m y m =u q =u q l y l div u . 4.4 .  .  . .H D D 2 2 D D 22 1 2 12V
 .Now using the monotonicity assumption together with 0.5 , we can
 .  .easily prove that all terms in either 4.3 or 4.4 are nonnegative. Hence
 .using the estimate 1.2 , we obtain
< t < 2=u q =u s 0, 4.5 .H
V
and it follows from Lemma 1.1 and the Poincare inequality thatÂ
u s 0 in V
 .  .and so by 4.3 and 4.4 we obtain
1 22t Ä< <m y m =u q =u q l y l div u s 0 4.6 .  .  . .ÄH 1 1 12D _D2 1
and
1 22t Ä< <m y m =u q =u q l y l div u s 0. 4.7 .  .  . .ÄH 2 2 22D _D2 1
Claim 1. If m s m, then w g F.Ä
Ä  .  .Suppose that m s m. Then since l / l by 0.3 , from the identities 4.6Ä
 .and 4.7 we obtain
div u s div u s 0 in D _ D .1 2 2 1
Note that u is analytic in V _ D and u is analytic in D . Hence it1 1 2 2
follows from the analytic continuation that
div u s 0 in V _ D and div u s 0 in D .1 1 2 2
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Since u s u , we conclude that1 2
div u s div u s 0 in V ,1 2
which implies then that
Du s 0 in V for each j s 1, 2.j
<This proves that w s u g F.­ V1
Claim 2. If m / m, then w g C .Ä 0
 .Suppose that m / m. Then by the assumption 0.5 and the estimateÄ
 .  .  .1.2 , it follows from 4.6 and 4.7 that
t t=u q =u s =u q =u s 0 in D _ D .1 1 2 2 2 1
Therefore using the same argument as above, we obtain
=u q =u t s =u q =u t s 0 in V1 1 2 2
<which implies that w s u g C .­ V1 0
This completes the whole proof of Theorem 0.2.
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